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7.0 Matrix Algebra

Definition 7.1: Matrix

Matrix 1s a rectangular array of numbers which called elements

L



7.1 Elementary Row Operations (ERQO)

* Important method to find the inverse of a matrix and to
solve the system of linear equations.
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* The following notations will be used while applying
ERO

—____________\

7 \

1. Interchange the i*® row with the j* row of the matrix.
This process is denoted as B; < Bj.

2. Multiply the i*" row of the matrix with the scalar k
where k # 0. This process is denoted as kB;.

3. Add the i*" row, that is multiplied by the scalar h to the

j™ row that has been multiplied by the scalar k, where

h # 0,and k # 0. This process can be denoted as

hB; + kB;. The purpose of this process is to change

-y e s s s s .

the elements in the i™® row.
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Example 7.1:
2 5 3
Giventhematrix A = 1 2 1 |, perform the following
-3 1 2

operations consecutively: B; & B,, B, + (—2)B,, B; + 3B;,
By + (—7)B; and —~Bs.

Solution:

2 5 3 1 2 1 1 2 1
1 2 1|]—( 2 5 3|]——( 0 1 1|—
_3 1 2 Bl(_)BZ _3 1 2 Bz+(—2)Bl _3 1 2 B3+3Bl

1 2 1 1 2 1 1 2 1
011m0111—>011
0 7 5/°7° X0 0 —-2/—3B\0 0 1

J -

Notes:

If the matrix A is transformed to the matrix B by using
ERO, then the matrix A 1s called equivalent matrix to

N (
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Definition 7.2: Rank of a Matrix

The rank of a matrix is the number of row that is non zero
1n that echelon matrix or reduced echelon matrix. The rank
of matrix ! 1s denotedas!!! !,

What is echelon matrix
and reduced echelon

p—
*
*

* 0O = 0 =
(0 0 ! !>:>!(!)=3 < 1 = 0 *>=>!(!)!!
! ! 0 0 1 =

1
0
0
=>p(4) =3 <

1 2 3 4 R
00 1 3 I

(1 Y1 |
00 0 1 oo 1M
00 0 0 00 0 0

1 2 1o
(0 1>=>p(A)=2 (! !):!(!)! !
0 0 I

Example of Echelon Matrix and Exami)le of Reduced Echelon
its rank of matrix Matrix and its rank of matrix

How can we get echelon

matrix and reduced
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Using ERO of course! And the operation
1S not unique.

Example 7.2:

1 2 3
Given A = (! 13 2 ) obtain
|

3 1 Il

a) Echelon matrix
b)Reduced echelon matrix

c) Rank of matrix A

Solution:
1 2 3 1 ! |

a) (2 -3 | ﬁ(' |1 )—)
Coo o R e J (1B

~

- O =
=N
Lo
\/ . S
g| -.-.
o O T
T e 1em
-~
—\—J«

oo}

w

—

o O T
-~ -
\/

2 | [
1 2 I! 1 0 13/| I 0 0
b){0 ! '/7 Biaz2s |0 1 0 m(l 1 0)
0 0 1 !2+(—§)B3 0 0 1 TP\ 0 1
ol¢)!!

7.2 Determinant of a Matrix
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7.2.1 Determinant

e A scalar value that can be used to find the inverse of a matrix.
* The inverse of the matrix will be used to solve a system of
linear equations.

Definition 7.3 : Determinant

The determinant of a matrix ! is a scalar value and denoted by !! ! or
Mg

1. The determinant of a ! I'! matrix is defined by

2. The determinant of a 3! ! matrix is defined by
rero
e T T G U O - B 3
o

Figure 7.1: The determinant of a 3x3 matrix can be calculated by its
diagonal

3. The determinant of a ! !I'!l matrix can be calculated by using
cofactor expansion. (Note: This involves minor and cofactor so we
will see this method after reviewing minor and cofactor of a matrix)
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Definition 7.4: Minor

If
Y !!" ' !!! ' !!!
I!! by 0y !!!'
T
Al Ly Iy ! Ly ! I':
R T T R T

lap; am b e DTy

then the minor of ! », denoted by ! |+ is the determinant of the

submatrix that results from removing the /™ row and /™ column
of I.

Example 7.3:

Find the minor D4, for matrix A

TR U T
L1 fazr 'a ar
N I T

T b e

Example 7.4:

Solution:
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Given ! | <! 11 3 ) Calculate the minor of I
and ! p .

Solution:

| |!!! !!!|! ANANEOIOINE
o | |: :|l M) ()T 3

7.2.3 Cofactor




Example 7.5:

Find the cofactor ! ,; from the given matrix

T

Solution:

L QD)
L (!!)”!|,!I :|' AN NEN NN

Example 7.6:

From Example 7.4, find the cofactor of !, and!

NN
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Solution:

PRGN RN RO (NI
=DM | [ e e
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/" Theorem 7.1: Cofactor Expansion

If A is an n X n matrix

The determinant of | (det!! !') can be written as the sum of its
cofactors multiplied by the entries that generated them.

a) Cofactor expansion along the /" column

n
'I'#” l I |||||| I ||JA2]++anJAn]=ZaUAU

i=1

b) Cofactor expansion along the i™ row
I

N N O TR TR B TR ANTERS ST S AU NP N N T

\ I

N\ 7’

S — e e e e e e _ -

7.3 Inverse Matrices

S e - - S S S S S S S S S e e s e

Definition 7.6: Inverse Matrix

TC 1 .- 11 B e | IR A EEREE PR RS SR | ¢ _ a1 _




Non-singular
matrix

Singular Matrix

Inverse Remarks AB)'=B'4"!

Matrices

If the inverse exists, then the

_ Methods —

A square matrix 4 has an inverse if
and onlyif !!'!'!1 1!

Adjoint
Method

7.3.1 Finding Inverse Matrices using ERO

s T TTTEEEEEEEETETETETTTOSN
[ STEP 1: \
| l
| l
|

STEP 2: NG/~



Example 7.7:

Calculate the inverse of the following matrix

- ( !:2

Solution:

STEP 1:

| !!! ! !!/., : !./!! !/!! | —
(! ! ! !" ‘! !/! ! !/!-- >é!!!'(!(-!)j!2!

T e | Lo
T!!!!/!!!!/!! !/!! ! ﬁ

!/! !/! rn /|

' !
o !
Ve

' " Jio
L
—11/!"

WA VAV



7.3.2  Finding Inverse Matrices using Adjoint

WA VAV
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Definition 7.7: Adjoint of a Matrix

The adjoints of a square matrix A4 is the transpose of cofactor
matrix which can be obtained by interchanging every element ! |

with the cofactor ! » and denoted as

AR

IfN 11 1 then!'' exists. Therefore the inverse matrix is,

|
I " qm
Lo !!!!#!!!!

4 STEPS TO FIND THE INVERSE MATRIX USING ADJOINT

geu EEI I IEIE NN IS IS S S S S S .y

METHOD.
STEP 1: Calculate the determinant of ! .

i) Iflt 11 1 stop the calculation because the inverse does not exist.
i) If 1111 1 continue to STEP 2.

STEP 2: Calculate the cofactor matrix [! !

STEP 3: Find the adjoint matrix ! by finding the transpose of the
cofactor matrix !l I, that is

UL 1 1 1Ll
STEP 4: Substitute the results from STEP 1 to STEP 3 in the formula !

I
] e
! ! ”—!!#!!!!

(AN AR
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Example 7.12:

Calculate the inverse of the following matrix

N

Step 1: Calculate the determinant of ! .

Solution:

Hpr e

Step 2: Find the cofactor matrix.

e e e enty G eren )y
L L Frr
DL e P AR DTN A PR (IO A
N | |
I CE DI A I PR (I U A PR (I U A
e o A
15 tm
I Matrix of cofactor, ! ! ( ! ! ! ')
" L r

Step 3: Adjoint of A

WA VAV
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v (o))

Step 4: Find ! '

EXERCISE 7.1:

1. Calculate the inverse of the following matrices by using
(1) Elementary Row Operations (ERO) methods
(i1))  Adjoint Method

d)

7.4 SYSTEMS OF LINEAR EQUATIONS
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A system of linear equations with ! linear equations and
I number of variables can be written as,

A solution to a linear system are real values of
Ly 1 11 which satisfy every equations in the linear
systems.

If the solution does not exist, then the system is
inconsistent.

o

WA VAV



Non-homogeneous system Homogeneous system

p(A)=p(A[b) = number of ] p(A) = number of

variables "1#$%!&'&#%(!$)&!)! | | variables "1#$%!&'&#%(!
5 <018 [ #, +0 ! &[54, 4

p(A) = p(A]b) < number of ] 'p(A) < the number of variables]

variables "! the system has " the system has many
L many solutions. solutions.

.

p(A) < p(A|b) = the number of variables "1#$%!&'&#%(!$)&!+.!
&.[*#,.+0!

7.4.1 Gauss Elimination Method

%auss Elimination 1s a method of solving a linear\ﬁ




Example 7.13:

Solve the following system by using Gauss Elimination
method.

Solution:

STEP 1: Construct the augmented matrix

WA VAV
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STEP 2: Use ERO to transform this matrix into the
following echelon matrix

Lot/ /g
! ! /! Lo/t
! ! ! ! ]!
! ! ! ! Lol
STEP 3: Solve using back substitution
! ! !
!!'!—!!'!—!!'!!'!—!!!!
! !
!!'!—!!'!—!.'!2
by

Set!, I land!, I I,

(" /4) - (1/4)s—¢
—(9/2) = (1/2)s
!

I |
N
by ]
' |
!
7.4.2 Gauss-Jordan Elimination Method

Gauss Elimination is a method of solving a linear system
't 1 by bringing the augmented matrix



v
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Example 7.14:

By using the same matrix in Example 7.13, find the
solution for the linear system by using Gauss-Jordan
Elimination method.

Solution:

From STEP 2 in Example 7.13, we can use ERO to find the
reduced echelon matrix for the augmented matrix.
I
11/ >
!
!

Loyt /gl 2 N e
! ! L/t /2! Lrorr !
(? o i)'”(ii I

0 !
)

Loror/toroap e/
_">! Lo/t /i
<>< o ‘ : )

From the reduced echelon matrix, we will get the following

equations

WA VAV
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LT/ /)
Ly

By setting !, ! Tand!, ! Il
h NGB (VI INE
L/ (/!
I

EXERCISE 7.2:

1. Solve the linear system by using
(1) Gauss elimination method
(1)  Gauss-Jordan elimination method

a)l 1) [ LA S O O O O O
O e re e rm
rrrr e e rrrerd

7.4.3 Inverse Matrix Method

If1 1 and!!' ! 1 represents the linear equations
where! 1san!! ! matrixand! 1san!! ! matrix, then
the solution for the system is given as

WA VAV
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Example 7.15:

Use the method of inverse matrix to determine the solution to the
following system of linear equations.

Solution:

STEP 1: Check whether |! | ! .

Er @MeHreHme) MaHe)
NN ENROIGIGOINOIOI0)
I

STEP 2: Find ! ' ' .by using Adjoint Method or ERO.

1) Matrix of cofactor and adj(A),




!u | !I
R TR TR
!II !u !II
! I
- !u# III# !n#
B ! !
I"# "4 I"#

STEP 3: Solution for ! is given by

_ !u !n !l
"4 ! " "%
" " "
RN R ' '
- !II# !n# !II#
" " !
| !u# !u# !n# ]

EXERCISE 7.3:

4:1:4";|44::¢=‘ =

H

WA VAV
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1) Solve the following system linear equations by using Inverse

Matrix Method

(@ ot (b) 11,11, 11
Lo NI
TN TN

7.4.3 Cramer’s Rule

Given the system of linear equations! ! ! I  where! isan
LT matrix, ! and! are!! ! matrices. If!1' 'l | then
the solution to the system is given by,

for! ! 11T 11 where !, is the matrix found by replacing

the!" column of ! with!.

Example 7.16:

WA VAV
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Use Cramer’s rule to determine the solution to the following
system of linear equations.

Ll b rrr
N R N A
AN

1. Test whether |! | ! !, or not

Y

NINEY(EBI(EDINOIGIO) (l)(l)(l)
g 1o

NN
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By using the Cramer’s rule,

" 1
| 1"l
!I,I.!|| ! B P
- N | 1"# "
| I 1 |
L[ !
INTI ]l
by — | I
B I | 1"g I"#
| I 1 I 1
[ | |
LN . | I"#
e !
B I | 1"y I"#
EXERCISE 7.4:

Solve the following system linear equations by using Cramer’s

Rule Method.

7.5 EIGENVALUES & EIGENVECTORS

WA VAV
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7.5.1Eigenvalues & Eigenvectors

Definition 7.8: Eigenvalues & Eigenvectors

Let! bean! !I'l matrix and the scalar ! is called an
eigenvalue of ! if there 1s a non zero vector ! such
that
A
Example 7.17:

| |
Show that ! ! [l ] is an eigenvector of A = [I _OI ] Hence, find

the corresponding eigenvalue.

Solution:

S A T Ot

Therefore, the corresponding eigenvalue is 3.

Definition 7.9: Eigenvalues

The eigenvalues of an! 'l matrix ! are the! zeroes of the
polynomial I 1111 111 I"1 or equivalently the ! roots of the

NEEN/AN



Example 7.18:

Determine the eigenvalues and eigenvector for the matrix

Solution:

Step 1: Write down the characteristic equation.

G

NI NN

Step 2: Find the roots/eigenvalues

WA VAV
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By using trial and error, we can take ! | ! and it will give

EOINOEBIOEREGINEN
Thus (! ! !)is a factor for! ().

By using long division, the other two factors are (! ! !) and
(' I 1). Therefore,

L@ grnernHerryrt
Hence, the eigenvalues of matrix ! are! ! 111111

Step 3: Use the eigenvalues to find the eigenvectors using formula
A

Using ERO

WA VAV
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