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UTM. ,
/@;“ Periodic Functions

Any function that satisfies
J@O)=f(+T)

where T is a constant and is called the period of the function.

cos(t/3)

f(t) = COS% + COS% Example: Find its period 4

f(t) = f(t-I-T) '_0.50_ n %n 3m 47/ 5m 6m Tx \<n
t 1 Ny \/

t 1
cos—+cos—=cos—(t+7T)+cos—(¢t+T
=) 3 Teosymeosy ey teos (1)

cos(t/3)+cos(t/4)

Fact: cos0=cos(0+2mn)

NANANAN,
R 2v6n M\m{z 18\77: sz
=2mmn T =6mn

Z 0
3T ‘ smallest T
Z = 21T T = 8nm ‘ I'=24n (for both)
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/@;“ Periodic Functions
Example:

f(t)=coswt+cosm,t  Finditsperiod.

f@)=f(t+T) COS M, +COS W, =cos®, (1 +T)+cosw,(t+T)
o, =2mn
1 m W, _m O — must be a rational
o,T =2nrx ®, 7n 0, number

f(t)=cos5t+cos(5+ )t

Is this function a periodic function? ><

2 S — not a rational

o, B 5+ 71 number

cos ot +T) = cos ot cos oT —sin wt sin @T

cos(A+B)=cosAcosB—sinAsinB
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OUTM A Functions

sin 6

-1
> :
-3 T . 0 TT 3\9
- -1
\— ~ _/
One period
< 21 >

sin 6 1s an odd function; it 1s symmetric w.r.t. the origin. Definition: f(-1)= - f(¥)
sin(—60) = —sin(6)
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= Even Functions

cos 0

LN IN SN
VARNVE RV %

g
One period

— Qp ———

cos 6 1s an even function; it is symmetric w.r.t. the y-axis. : Definition: f(-1)= f(¢)
cos(—6) = cos(6)
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Fourier Series
27t & . 2t
f(t)— +Za COS +Zb sin

T T
DCPart Ever Part Odd'Part
— 7
T'is a period of all the above signals
Let =21/ ]-7, T=2] Note: Average component is simiar to

DC component in signal

f(t)= + Z a cos(nwt)+ Zb sin(nwt)

A periodic function

/\v/\v/\ v/\\//\\ﬁ
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@HI‘M er Series

4 Orthogonal Functions

A set of functions {y,} is orthogonal on an
interval a <t < b 1f 1t satisfies

[, (0w, ()t =

(0 m#n

innovative e enfrepreneunal e global
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“““““““ Fourier Series

Orthogonality in Sinusoidal Functions

Define o =271/1. m and n are integer

T/2 T/2 |
j cos(mawt)dt =0, m=#0 j sin(mwt)dt =0, m=0
-T/2 -T/2

0 m#n _

-T/2

T/2
{ t)dt =
J. cos(mmw t)cos(nw t) {T/Z I

T/2 . 0 m#n = Try this !
j sin(mao t)sim(no t)dt =

e T/2 m=n

T/2 | L
I_T/z sin(mw t)cos(nw t)dt =0, forallmandn

innovative e enfrepreneunal e global ocw.utm.my



OUIM
= Fourier Series

/ Orthogonality in Sinusoidal Functions

Proof COS 0L COS 3 = %[cos(oc +B) +cos(a—P)]

T/2
cos(mamw t)cos(nw t)dt
j—T/Z ( ) ( ) mzn o=27n/T; T=2I

= —I s cos[(m+n)w tldt +— I cos[(m—n)w tdt

T/2
1 1 , riz 1 | : T/2
=— sin[(m +n)w t]‘ +— sin[(m—n)w t]‘
2 (m+n)w T2 2 (m—n)w -T2
= 1 : 2si[(m+n)x]+ 1 : 2sin[(m—n)z]=0
2(m+n)o o 2(m+n)o _
0 0

1,

cCosS@ t,cos2w t,cos3mt, - »

9 9 9
sinw ¢,sin 2@ t,sm 3w t,--- _
\

N
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Fourier series: Decomposition

f(@)= %qt Zan cos(nw t)+ an sin(nw t) ®=21/T.
n=1 n=1

T'=2I

a, = % L :0” (0t = % j_ll fdt  a, = % | T f(t)cosna tdt :% [ f@cosnwtdt, n=12,

2 to+T . 1 / )
bn :_J.t f(t)sm no tdt :;J._Zf(t)snl no tdt, n=12,--

f(@) = % +> a, cos(?j + b, sin(?j
n=1 n=1

T

T/2
j cos(mw t)dt =0, m=0

-T/2
T/2 0 m#n
_[ cos(mm t)cos(nw t)dt =

T /2 m=n

T/2 |
j sin(mw t)dt =0, m=0
-7/2

J._T;/zz sin(ma t)cos(nw t)dt =0, forallmandn

innovative e enfrepreneunal e global

T /2

-T/2

m+#n
T/2 m=n

sin(mao t)sin(nw t)dt = {
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| Fourier Series: Example (Square Wave)

(1, O<t<x Al
f(t)_{O, T<t<2r 1
f(t):f(t_i_z”) -6m -5m -4m -3m -2W -m n 2n 3m 4m 5%
Period

Ay ~ = :
T—9] =9 f(f)=7°+;an cos(ncot)+nz_1:bn sin(nw t)

2 & n . s
a,=—| ldr=1 anzlj cosntdtzismnt =0 n=12,--
27 Y0 277 J0 . 0
4 T 2/}’172' n:1’3,5,...
bnzij sinntdtz—icosnt‘ =——1 (cosnr—1)=
27 0 ni 0 ni 0 n=24.6,--

f(f)=l+g(sint+lsin3t+lsin5t+~-]
2 3 5

I 2 oCw.0tm.my
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‘-"'“"' o Df\111"1 ar QD?";DC‘
1 UUllivl JV11IVvVY
ﬂxample Find the Fourier series of f(t)
the following periodic fungtion. )
T T
t, —— <1< —
4

2 R4t of
\/_1
JED =1 a3 e
1) :7+Zan COSN® t+an sinnw t
This 1s an odd function. Therefore, a,=0 o=/ T
T=2]

2 pto+T 1 ¢t

a=— " fod=_] s

J- s1n t dt D sl

a, :; t f(t)cosnw tdt
2 oto+T .

b :? t f(t)sinnw tdt

== _([ f(t)sin(sztjdt "

V. OTmLmy

OCh
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,,.._._‘"“ — Fourier Series

27m 2
_J' tsln(thdt bn _ i z(Lj sm(ﬂj
; Use 1ntegration by
+— j ( jsm(—tjdt parts. 2T . (nﬂj
=~ S1n 7

b,=0, when 7 is even.

f(f)_z—T sin 2—7zl‘ —Lsin 6—7[1‘ +Lsin 10_7zt ...
Therefore, the Fourier series is g2 T 32 T 52 T

S

[~

differentiate |Integrate
X2~ +1 sin nx
Example of integration by e \(_ljcosnx
n
arts.
p 2 +1 \K—%jsinnx
n
cx=b .
x” sin(nx)dx 0 \(%) cos nx
JX=a n
b (1 1) . 1 =
~ x"sin(nx)dx =| x°| —— |cosnx +2x(—1)| —— |sinnx + 2| — |cosnx

||1rr| iy
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B — Fourier Series

Harmonics

: 7T
Define @ = 27j — ——<¢alled the fundamental angular frequency.

Define @, = na called the n-th harmonic of the periodic function.

Where 0=0,

f(t)— +Za cosna)t+2b sinnw t

n=1 n=1

f(t)—;o Z ,COS®,t+ Y b, sinwm,f
=1

n=1

innovative e enfrepreneunal e global OCW I|1rr| my
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@UTM omplex Form of the Fourier Series

NIRRT MARCR D0 AL R

I no t . e —jno t . .
e’ e " =cosnwt—jsinnwt

=CoSnwit+ jsmnwt
1 (jna)t_ —jna)t):_l(ejna)t_e—jna)t)

1 Jjno t —jnw t .
cosnwt=—\e +e smnwt=-—\e e
2 2j 2

f(t)——+2a cosna)t+2b sinnwt
=1

a
:%+2ian( jnot —Jna)t)__zb ( jnot —]na)t) C) 70
n=l1
11 l(d _-]bn)
70+Z{2(“”_1b R (a + b, )e“’”w}
’;1 C—n :l(an +]bn)
— +Z[c e 1 —Jncot] 5
n=1
et N o =27/T
— + ]na)t+ jnot
2606 2 T=2i

o0

. jno t
=Y c,e

ocw.utm.my
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NIRRT MARCR D0 AL R

- Complex Form of the Fourier Series
f(t) = +Za COS N t+Zb sinnw t = Zc e
®=27/T.
| =21
ao T/2
cy="2=—| " f)dt |
2 T 1 —jna t
| T
= E(Gn —Jjb,)
B 12 .
T U mf(t) CoSnw tdt—]j_T/zf(t)51nnw ta’t} ¢ = a,
2
1 ¢
?._T/zf(t)(cosna)t jsinnw t)dt Y —ip)
1 —jhow t
;.—T/Zf(t) dt _(a ‘I‘]b )
1

(@, + b, )= j )" dt

T/2

innovative e enfrepreneunal e global
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Complex Form of the Fourier Series a,
CO = 7
f)= Y™ .=, jb,)

1 e7/2 jnw t
¢, == j_m F(H)e " dt

. C =C €j¢", C =C*=C e
If (¥) 1s real, » =G| =6 =le |

* lc, |5 c., |=lw/a,f +b,f
B c_, =c, 2

innovative e enfrepreneunal e global oCw.utm.my
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@UIM omplex Form of the Fourier Series

4 Example-

0, —Ih<t<-—4 ()4
fle)=44, —-%<t<¥ A
{O, ap <t <1 t
1= £+7) A I P A ’
2 2 2 2
J-d/z ot g
d/2
4 1 _]nmd/z _4 .1 (—2jsinnw d/?2)
) I'=jnaw . ( nnd
I' — jno ) 4 1 sm()
= sinnw d/?2 :Ad r
:ﬁ[ ! g2 _ 1 ejnwd/zj I'ane r (mj
T\ —-jnw — jnw T

1/ p
cosna)tzg(ejnm t+e ’"wt)

innovative e entrepreneunal e global ocw.utm.my
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SQJLED_M_' D PROBLEM
F

Find the complex form of the Fourier series of the periodic function

0, O<x<l
o, l<x<2l

fYX)={:
f(t)— +Za cosna)t+2b sinnawt

SOLUTION =
£(x) = Z ¢ o mlﬂx _ ZCnejna)t
_ L]j _inlﬁxd I —jne t
¢, = 2IOf(X)e b jTijge dt
1 [ _innmx 21 _innmx (Dzzﬂ:/T
¢, = Z—ZL‘;O[e l de + _l[ae l dx} 7]
( . 2

I|1rr| my
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OPENCOURSEWARE 1 ¢r/2 —inewt
@HIM m If n=0 Co :Fj_r/zf(f)e MEL At

nrii 1 e ) o
(_l)n] :2—11 oe Odt:E
If n£0
o in X cosna)tzl(ejnere_j"m)
f(x)=cy+ z: (=1)")e 2

n=—ow ,n#0

f(x)=¢,
52
_% ;i—(l (-1)” )sm( /) i (n /)— i (I- (—l)n)sm(nm%)

n=1
Ifk = alpha =11 1 n: -20->20

alpha=1,l=1, n: -5->5 M w in~re] N\/MW
j 0:6 .

0.4+

nnnnnnn Nan Al [[PYON AAJ
VVVVVVV T VAAAL VUU| T ITAAASL A T 1

{Cos(nﬂ% J isin(nﬂ% )
(nm/) Z —(1 (1) )sm(””’/ )

n=—0, n+#0

n=—oo n;tO

n=

innovative e enfrepreneunal e globa
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®©UTM | mry property

Even Functions |
fO) =1 () — 1™

Odd Functions 1
£(0) =~ (=0 "

.

* Any function f{(#) can be expressed as the sum of an even

function f,(¢) and an odd function f (7). f (f) _ f (t) + f (f)

fe(t) — % f(t) f(_t) Even Part

— _ t)— 1 (—=t) Odd Part




UTM
UM Symmetry property
®=27/T.

—

Fourier Coefficients of Even Functions T=2I
f(t)= +Za COSN® t+2b sinnaw t a, :% wa(t)dt :HZ f(t)dt
n=1 n=l J1 -
2 ety +T
A a, =— f(t)cosnw tdt
S T %
J (@)= f(=1) y
b, = =), f(t)sinnw tdt

f(t)— +Za cosnm t

n=1

‘ a, = %Iomf(t) cos(nw t)dt = %J‘Ol f(t)cos(nw t)dt

innovative e enfrepreneunal e global
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@UM Symmetry property

r\ o =21/T.
Fourier Coefficients of Odd Functions T=21
f(t)= +Za COSN® t+2b sinnaw t a, :% wa(t)dt :Hllf(t)dt
n=1 n=1 A l -
\ a, = EN f(t)cosnw tdt
T Ji,
% [ f()sinno tdt

Ji,

—_ b,
f(@)=—f(-1)

f(H)=Y b,sinnwt
n=I

‘ b =; [ f@sin(ne tde = % [ f@ysin(ne> 0y

innovative e enfrepreneunal e global



®UTM

7~ Fourier Series - Half-Range Expansions

Non-Periodic Function Representation A

»

v

3

Expansion Into Even Symmetry

T T=21

Expansion Into Odd Symmetry

ANEVAN w A2
N/ A VARRNVA

innovative e enfrepreneunal e global ocw.utm.my
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Fourier series

DIRICHLET CONDITIONS

Suppose that
1. f{x) is defined and single valued except possibly at finite number of points in (—/,+/)

2. f(x)is periodic outside (—/,+/) with period 2/=T
3. fix) and f'(x) are piecewise continuous in (—/,+/)

Then the Fourier series of f (x) converges to

1.f(x) 1f x 1s a point of continuity
2.[f(x+0)+f(x—0)]/2 1f x 1s a point of discontinuity

ocw.utm.my
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©UTM
EFor afunction defined by f(x)=|x,~7<x<7 w=2m/T,

T=2]
obtain a Fourier series. Deduce that

2 rto+T 1 ¢
1 1 1 ’ ay==|"" f@ydt==] ot
t >+t = T A
I 3 S 8 a, :% .:°+T f(t)cosnw tdt
: x) =|x| 1s an even function
Solutlonf( ) =lx ) bﬁ%t ' f()sinne i
. f(x) = a0+2 a, cos nre 0
@0 =[x P - m 2y e o]
T, f(x) = 7 COos nx
n=1
2 n 2 (x2 jﬂ :O . f . .
= Z | xx = = — 7 X=U1s apoint of continuity,
Ty T\ 2 ), by Dirichlet condition the Fourier series
x z converges to f(0) and f(0)=0 . )
a, -2 |x|cos nxdx =ijxcos nxdx 0="_ iz (1) -1
T % T % 2 /A n’
2 sin  nx — COS nx g T 2 2 2 2
= —_— X —_— ) O = —_ ) + 5 + ) +
T n n 0 2 7 U1 3 5
2 " 1 1 1 7w’
= —1 — 1 -
— |1y -1] Lk e =

innovative @ entrepreneunal e global ocw.utm.my



©UIM

7~ HALF RANGE SERIES - COSINE SERIES

A function f(x) defined 1n (0,/) can be expanded as a Fourier
series of period containing only cos terms by extending f(x)
suitably 1in (—/,0). (As an even function)

A, ~ c :
f(t):7°+ > a,cosnwt+) b, sinnwt

f(x) =22 > +Za coS n;m c;=2217c/T.
n=1 —
where
2 ety +1 1 /
5 . ay=—|" f@d==[ flod
a =—jf(x)cos ! dx ,n 2 0 0
n / D oto+T
0 a, =?.t f(t)cosnow tdt
2 rto+T .
b, :? t f(t)sinnw tdt

ocw.utm.m Vi
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UTM
— ~ HALF RANGE SERIES - SINE SERIES
2N

A function f(x) defined 1n (0,/) can be expanded as a Fourier
series of period containing only sine terms by extending f(x)
suitably in (—/,0). (As an odd function), period=7=2/

A, ~ c :
f(t):7°+ > a,cosnwt+) b, sinnwt

. - o =27/T.
f(x)=> b, sn z T=2I
u =1
2 ety +1 1 ¢
where | ay=—|" f@d==[ flod
2 nowx
- = : 2 oty +T
b, = ; J(; Jf (x) sin ; dx ,n 21 a,=—| f(t)cosnw tdt
2 rto+T .
b, :? t f(t)sinnw tdt

oCcw.utm.my
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NIRRT MARCR D0 AL R

#”T.2. Obtain the Fourier expansion of (x sinx )as a
cosine series 1n (0,7). Hence find the value of

®©UTM

2 2 2
1+ —-— + +
SOLUTION 1-3 35 5.7
Given function represents an even function in (—m,m)
o0 0
f(x)— 0 4 > a, COS nx f(z,‘)—?O Za cosna)t+2b sinnw t
n—l =1 n=l
a, = 2—7? f(x)cos nxdx o =27/T.
F0 T=21
an = 2 F(x)ax , |
0 T B oto+T _ l
' a=—|" St = L F(t)dt
T 2 oto+T
ay = %(j)xsm xdx = —[x(— cos x)— 1(—sin x)]z)Z =2 %=7) f(t)cosnaw tdt
2 er b, _2 .t0+Tf(t)sin no tdt
a, = —IO X SIn X cOs nxdx I

ocw.utm.my
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] 5.
4 a =—j X SIn x COS nxdx
T 0

n

= EJ' x{l sin(1+ n)x + sin(1 - n)x}dx
Ty L2
i . 7 ] Note: even function,
x( —cos(1+ n)x] 1 = sin(l1+n)x b =0
1 l1+n U (1+n)

T

T . {x(_ cos(1— n)xj 1 {— sin(1 - ?)x ]}
l-n (1-n) .

n+l1
:—1(—1) N 1
n+1 n-—1

(_ l)l—n

a =1 1 1] 2=
" n—1 n+l] n*-1 tn#1

innovative e enfrepreneunal e global oCcw.utm.my
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et =ty i 2 T 1 T
~ a, :—jxsinxcosxdx:—jxsiandx
4 0 72-0

I[fn= i

1] (—costj (—sianﬂ
=—| X —1.
7| 2 2° .
_l_—_”}_‘_l
Tzl 2] 2
1 1 n—1
xsmx=1l——cosx+2 v (1) COS nx in (0,7)
2 ~ n* -1

At x =m/2 , the above series reduces to

1+ 23 (—1)"_1 (%j

n=2

x = m/2 1s a point of continuity J(x) = x sinx

. The given series converges to f (1/2)= m/2

OCh

I|1rr|r1.a
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xXsinx = 1——cosx+2 COS nx in (0,7)
2 =2 n _1
0 . n—1
T -1+ 2 Z ( 21) cos  ——
2 —, n - —1 2

=) 11 72

1.3 35 5.7 4

innovative e enfrepreneunal e global
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¥ 2) Expand fix)=x, 0<x<2 in half range
(a) sine Series (b) Cosine series.

(a) Extend the definition of given function to that of an odd
function of period 4

x; —2<x<0
=l 2x<)

x; O<x<2
a,=0

/ /
/ /

[
b = %If(x)sin T o
0

2
bn:%_([f(x)sin%dx 42 -(-D" . nnx

S1n

—COS —— —sin —— 4=y

innovative e enfrepreneunal e global oCcw.utm.my
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7 (b) Extend the definition of given function to that of an even
function of period 4 —x2<x<0

J(x) =+ >

x0<x<2

J

b =0

nzx

21
a = — xX)cos —dx
n l!f() :

SNSNON

27 n X
a = — xX)cos ——dx
n 2!1‘() S

B 2
nzx nzx

sinT ) —COST _ 4[(_1),1_1].

innovative e enfrepreneunal e global oCcw.utm.my
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)= —x—2<x<0
X

x0<x<2
a, = xdx =

O

f(x)—1+—z[( 1) _1] COST

A

SNNN
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VS PARSEVAL’S IDENTITY
j[f(x)]z dx = IB + Z( + bf)}

Provided the Fourier series for f{(x) converges uniformly in (-/, /).
The Fourier Series for f{x) in ( ) 1s

f(x)— 5 +Za coS n7x+2b sin n;zx

n=1 n=1

Multiplying both sides of (1) by f(x)and integrating term from —/ to /
( which 1s justified because f(x) is uniformly convergent)

j fdr="2 j f(x)dx+2a { | fco %dx}Jer { | f(x)sm—dx}

2 (to+T 1
v= [ rwde=[ o
:% xlq, +Zan(lc;1)-l—2bn(ll%) a, :% """ £(t)cosnw tdt
n=l1 n=1 "o
/ : b =2 r@)si tdt
jf () dx= ﬁsz(aanrb,f) g _?Ito JOsinne

innovative e enfrepreneunai « global
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&2 LAY = If / (x) 1s defined 1n (0,2/) then Parseval’s Identity 1s given by

CASE-a  Jleof av=1 Ja’+3 (@ 4]

CASE-b If half range cosine series 1n (0,/) for f(x) 1s

o0

f(x)=C;—°+z a, cos

n=1

Then Parseval’s Identity 1s given by

f[f(ac)]zdx = i{iaoz ) }

2

innovative e enfrepreneunal e global
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/-iim If the half range Sine series 1n (0,/) for f(x) 1s
CASE-c

nmwx

— y b . ! w
f(x) ;1 S0 — J‘[f(x)]zdx:l|:%a02+;(an2+bn2):|

-1

Then Parseval,s Identity is given by
[ l 00
JUr@f ax== Zbi}
0 2 n=1
E.G. Find the Fourier series of periodic function

f(x)=x*x in (—m, )

Hence deduce the sum of series

1 | | 1
14+24+34+44+ ....... o0
o 1 72_2
Assuming that Z‘nz 6

innovative @ entrepreneunal e global ocw.utm.my
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f f(x)— +Za cos X Zb sin in (=7, m)

SOLUTION

15 1 7 27’
a, =— jf(x)dx — | x’dx=
T Y T
= 1 jf(x)cos nxdx :l j(xz — X) COS nxdx = [ (—sm nx) 2x —coz nx}
4 - T - n _r
-2y if a0,
n . xcosnx 1s odd function ®=27/T.
=21
b, = LTf(x)sin nxdx = L T(x2 — Xx)sin nxdx = O—I—szin nxdx
T T T
:_L[x(—cos nx)_l( sin nx)} :3(—1)"
T n . n

s .x2sinnx 1s odd function

innovative e entrepreneunal e global ocw.utm.my




- .

S o ; )
7T = (-1 © (-1)" .
r (x)=—+4z 2) cosnx+22 ) sInzXx. in (—m,m)
3 n=l T n=l N
Using the Parseval’s Identity p= 1 a02 +1 Z(anz n bn2) .
4 25T
1 7 T .
PzZFJH(xZ—x)de =t
2’ 4 , 2 n
a, = a, =— (=1)"0, ==(-1)
3 n n
AL EANNS SUNE k1
5 3 49 24&=nt 24n’
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®UTM

P E.g. 2 By using sine series for f(x)=1 in 0 <x <.

2
Show that 2 1+ 12+ 12+ 12+ ....... o0
8 3 5 7
SOLUTION f(x)=Y b, sin ”;” = > b, sin (nx) o =21/T.
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