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Shooting method — linear problem
BVP - Dirichlet Boundary condition
"= plx)y +q(x)y+r(x),
ya)=a, y(b)=p.

Let IVP1 (initial value problem)

y'= p(X)y' + q(x)y T r(x), } Solution: y,(x)

y(a)=a, y'(a)=0.
Let IVP2 (initial value problem) (homogeneous)

y" = plx)y'+q(x)y, Solution: y,(x)
ya)=0, y'a)=1.

Linearity of De: y= y,(x)+cy,(x) is the solution for y"=p(x)y"+q(x)y+r(x).

wa)y=y(@)tey(a)=atce0=a D)=y (b)+ey,(D)=p
‘ c= B=n (b )

yz(b) Yeak GH 2
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Shooting method — linear problem
Optimal RK2 method, y'=f(x,y)

| BVP - Dirichlet Boundary condition
yi+lzyi+_(K1+3K2) .
4 —u"+m?u=2m?sin(mx

@L :||> BVP

Kl:hf(tay) —
c M(O)—a:(), g . —x o :
K, = hf(ti +§h,y,. +%K1) General solution: ae = +be™ + sm(7zx)

V'=n2y—2m?sin(mx), IVPI,
v(0)=c=0, v'(0)=0. solution: v

l To system

din|_ v,
dx|v,| |7°v —2x"sin(mx)

Solve using RK4 X, vx) wi(x,)

w'=mw, :IL IVP2, (homogeneous)
w(0)=0, w'(0)=1. solution: w

l To system

Not satisfy right BC!
0.00 0.00000 0.000000

0.25 -0.157372  0.275702
0.50 -1.290357 0.730213
0.75 -4.490694  1.657343

1.00 <<11.466375 3.656793 > Vaolclis

y(xt+h)= y(x) +1/6] k+2k,+2k+k |
klzhf(xay)a k2:hj(x-|_ 1/2h9y+ % kl):
ky=hf(x+ 2hy+ ok,), k,=hf{x+th,y+k;)
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Shooting method — linear problem
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BVP - Dirichlet Boundary condition

y" = plx )y +q(x )y+"( )
vla)=a, y(b)=p
V= yl(x)+cy2(x) is the solution for
V'=p(xX)y' +q(x)y+r(x).
c= b=y (b)
Y (b)

Y= i) tey(x)=v(x,)+3.135637w(x))
Solve using RK4

X; vi(x;) wi(x;) Y; Exact, sin(7x)
0.00 0.00000 0.000000 0.00000 0.00000

0.25 -0.157372 0.275702 0.707129  0.707107
0.50 -1.290357 0.730213 0.999327  1.00000

0.75 -4.490694 1.657343 0.706132  0.707107

1.00 -11.466375 3.656793 0.000000  0.000000

—u"+m2u=2n%sin(mx), } BUP

u(0)=u(1)=0.
. B —v(b) _ 0—(~11.466375) 3135637
w(b) 3.656793

Optimal RK2 method, y'=f(x,y)

1
Yin zJG""Z(K1"'3K2)
Klzhf(ti’yi)
—hf( +2h yl+§Kj
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Shooting method — linear problem
BVP — Left: Dirichlet BC, right: Robin BC

v = p(x)y +q(x)y +r(x),
vla)=a, pyb)+By(b)=p.

Let IVP1 (initial value problem)

y” _ p(x)y' + q(_x)y + I"(x), } Solution: yl(x)

va)=a, y'(a)=0.
Let IVP2 (initial value problem) (homogeneous)

y" = plx)y" +4q(x)y, Solution: y,(x)
Ha)=0, y'(a)=1.

Linearity of DE: y= y,(x)+cy,(x) is the solution for y"=p(x)y'+q(x)y+r(x).

=

wa)=y(a)tey,(a)=ate-0= a ' B (b) ey (D) +Ay 1 (BY+ey 5(B)= B
‘C — B — ﬂlyl(b)_ ﬂzyl'(b)

ﬁlyz(b)_i_ﬂzy;(b) Yeak SH 5
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Shooting method — linear problem

BVP — Left: Dirichlet BC, right: Neumann BC

v = p(x)y +q(x)y +r(x),
a)=a, y(b)=p.

Let IVP1 (initial value problem)

y” _ p(x)y' + q(_x)y + I"(x), } Solution: yl(x)

va)=a, y'(a)=0.
Let IVP2 (initial value problem) (homogeneous)

y" = plx)y" +4q(x)y, Solution: y,(x)
y(a)=0, y'(a)=1.

Linearity of DE: y= y,(x)+cy,(x) is the solution for y"=p(x)y'+q(x)y+r(x).

l a)y=y(a)ytey(a)y=ate0=a l (b)Y tey 5(b)]= B
) P y(®)

5 (b)

USEFE PR TR

Yeak SH 6
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BVP — Left: Neumann BC, right: Dirichlet BC (or others)

v = p(x)y +q(x)y +r(x),
y(a)=a, y(b)=p.

Let IVP1 (initial value problem)

y” — p(x)y' + q(_x)y + V(-x), } Solution: yl(x)

¥a)=0, y'(a)=a.

Let IVP2 (initial value problem) (homogeneous)

Linearity of DE: y= y,(x)+cy,(x) is the solution for y"=p(x)y'+q(x)y+r(x).

=

y' = plx)y +4q(x)y, Solution: y,(x)
y(a)=1, y'(a)=0.

Y(a=y' (ayey' (ay=atc0=c Y  y(b)=y,(b)y+cy,(b)=p

‘ C:,B _J/1(b)

J’2(b)

USEFE PR TR

Yeak SH 7
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Shooting method — linear problem

BVP — Left: Neumann BC, right: Robin BC

u" +u = sin(3x),

u'(0)=a =1, u(%)+ u'(%): p=-1.

Let IVP1 (initial value problem)

" . i R = "
Vit y = s1n(3x), } Solution: v(x) dx [vj B Lin(3x)— VJ

v(0)=0, v(0)=a =1.

Exact solution: u=asin(x)+bcos(x) — 1/8 sin(3x)

Let IVP2 (initial value problem) (homogeneous)
w(0)=1, w(0)=0. dx

Optimal RK2 method, y'=f(x,y)
Linearity of DE: u= v(x)+cw(x) is the solution for u"+u=sin(3x).

‘ ‘ u(m2)+u'(m2)= Vi ® Vi +%(K1 +3K2)
W' (0)= v (Oytew (O)=arte-0=a=1 VDTV (@) rew(m2yrew (m2=f=1 " K =hf(t.)
2 2
C: B _,v(%)_ v(%) K, = hf(r,. +3h, +§K1j
W(%)+ W’(%) Yeak SH 8

w, -W

w+w=0, Solution: w(x) d |:W1:| :[ W, }
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Shooting method — linear problem e

BVP — Left: Neumann BC, right: Robin BC

u" +u = sin(3x),

u'(0)=a =1, u(%)+ u'(%): p=-1.

general solution: u=asin(x)+bcos(x) — 1/8 sin(3x)

B - V(%)— V(%) —1-1.499586—0.000195

7] Jewlrg) ~ 0.000294-0999900 2200760

u=v(x,)rew(x,)= v(x,)+2.500766w(x)) 2 2

Solve using RK4 - o

Exact solution: #=(11/8)sin(x)+(5/2)cos(x) — 1/8 sin(3x) Optimal RK2 method, y'=f(x.y)
xX;  v(x) V'(x;) w(x;) w'(x;) Approx, Exact, - l
u(xi) u(x,-) YVia BVt 4 (Kl + 3K2)

0.00 0.00000 1.0000001.00000 0.00000  2.500766 2.5 K, = hf(l‘i,yl.)
/8 0.411165 1.1269970.923885 -0.382606 2.721585 2.720404 K, = hf(t,- +%h,y,- +§K1j

/4 0.884311 1.2378060.707176 -0.706967 2.652793 2.65165
3n/8 1.318095 0.8730020.382859 -0.923726 2.275536 2.274878
/2 1.499586 0.0001950.000294 -0.999900 1.500321 1.5

Yeak SH O
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Shooting method — linear problem
BVP — Left: Robin BC, right: Dirichlet BC
' = pla)y +q(x)y +r(x)
aly(a)+ azy’(a) = a3,y(b) =p.
Let IVP1 (initial value problem)

v = plx)y’ +qlx)y +rlx), } Solution: y,(x)
Wa)=0, y'(a)=0. Let IVP3 (initial value problem)
Let IVP2 (initial value problem) (homogeneous) v = plx)y +4q(x)y,
" ' = 0’ , =1.
y = p(x)y + q(X) ’ Solution: y,(x) y(a\) g (a) J
y(a)=1, y'(a)=0. !

Solution: y;(x)

Linearity of DE: y= y,(x)+c,y,(x)+c,y;(x) is the solution for y"=p(x)y"+q(x)y+r(x).
ay(a)t ay'(a)= o ‘ [ay(a)tayy'(a)let [ays(a)tayy's(a)]e, =as—ayy (a) —ayy' (a)
‘ aCt ey = o
v(b)y=p ‘ y1(b)+c,(b)+c,ys(b) =P ‘ System of 2 equations!

Yeak SH 10



w"+ (y')2 +1=0,
y)=1, ¥(2)=2.

Let IVP (initial value problem)

W'+ (') +1=0,
J’(l) =1, y'(l) = P = Pi- General solution

Rootfinding, objective function, = F(p)=2— y(2,p).

Avoid using
Newton’s method —

Use RK4

— po=0="(1)

=

i

W N = O
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Shooting method — nonlinear problem
BVP - Dirichlet Boundary condition

'+ (y')2 +1=0,
y(1)=1.
General solution

)/:\/261—2xa+2x—x2

Solution: y(x;p) d{yl}ll(yz i ]
d V2 :

X | V)

)/:\/—2p+2xp+2x—x2

F' =j—py(2;p)
Pi y(2;p)
0.000000 0.104101
1.0 1.414197
1.447145 1.701210
1.912638  1.955692

Use Secant method —

Get p*, > y(2,p*)=2. Do & p; —

arbitrary value
F(p,)=0

pn = pnfl o F<pn71) pn_l — pn_2

F(pn—l)_ F(pn—2)

Start with p, & p;, — getp, ...

F(p;) (error)
P — Dy
1.895899 p,=p -F(p)
= VF(p)-F(p,)
0.585803 -0
~1-0.585803 —1.447145
0.298790 0.585803 —1.895899

0.044308 Yook SH 11
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Shooting method — nonlinear problem BT

BVP - Dirichlet Boundary condition IVP (initial value problem)

W'+ +1=0,
y()=1 y(1)=p=p,

w'+(') +1=0,
y(1)=1.
General solution

w'+ () +1=0,
y(1)=1, y(2)=2.

2
General solution  Solution: y(x;p) y= N2a—-2xa+2x—x

y=\/—2p+2xp+2x—x2 F(p )~0 Use Secant method

_ Pu1 7 Pua
Rootfinding, objective function, — F(p)=2— y(2,p). P, =P~ F(p,0) Flp, )-F(p )

Use RK4
RECREAY xX;  pxipg)  y(x;) exact  Absolute error

i Y2ip) F(p) (error) 1.00 1.000000 1.000000

3 1912638 1.955692 0.044308 1.10 1.178956 1.178983 0.000027

4 1993685 1.996677 0.003322 1.20 1.326623 1.326650 0.000027

5 2000256 1.999963 3 698x10-5 1.30 1.452560 1.452584 0.000024

6 2.000330 1.999999969 3.088x10-3

=

Yeak SH 12
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Shooting method — nonlinear problem

BVP — Left Neumann, right Robin BC IVP (initial value problem)

PR TR

2xy” +(y ) —4y =4x,
y'(2)=6, y'(2.1)=6.2

2xy" +(y') —4y = 4x, 2xy" +(y') —4y = 4x,

y(1)=4, ¥(3)+2y(3)=32. y()=4, y(1)=p=p, Y'==23,0<x <1,
Exact solution | Solution: y(x;p) y(()) =1, y(O.Z) =0.8333
y(O)=(x+1)? V= y(x)

Exact solution: y=1/(x+1).

o i yl _ yZ )
=y X) dx Y, B 4x+4y1_(y2%x
Rootfinding, objective function, — F(p)=32—-y(3,p) — 2V'(3,p). Optimal RK2 method, y'=f(x,y)

1
Yin =V +Z(K1 +3K2)

Use RK4 F (Pn)zo Use Secant method K = ( y)
= py=0=y'(1) Py =Py = F(p ) - )
F(pnfl)_F(prsz) —hf( + — h yl+ Kj
i p; yGip)  Y@Bip)  F(p) (error) 3
1 0 8.303482 5.781270 12.133978
X; y(X;3P6) y(x;) exact Absolute error
21 10.361601 6.445059 &.748282
1.00 4.000055 4.00 0.000055
3 3.583894 15.254059 7.811455 1.123031
1.20 4.840102 4.84 0.000102
4 3.964445 15.936660 7.984070 0.0952008
1.40 5.760118 5.76 0.000118

5 3.999693 15.999486 7.999773 9.677x10

) ) —4.000055 3.00 16.000132 16.00 0.000132
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Shooting method — nonlinear problem

BVP — Left Robin, right Dirichlet
y” — 3y3,

IVP (initial value problem)

1 y”:3y3,
3 O _9 ,0 :29 1 - !
H0)=9y(0)=2, y)=7 w30 o 0)=p,

Try this!!

IVP (initial value problem) " '
y' ==2yy,0<x<l,

y'=3y’, y(0)=1, »(0.2)=0.8333

3p.—9 'O :2’ 0)= p.
p;—9y'(0)=2, ¥(0)=p, Exact solution: y=1/(x+1).

|y d d|»n Vs
y=|",| > —y=— =
Y dx”  dx|y,| =2y,

Yeak SH 14
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