SSCE1993 ENGINEERING MATHEMATICS

SURFACE INTEGRALS

PM DR MUNIRA BINTI ISMAIL
DR RASHIDAH BINTI AHMAD




UTM OPENCOURSEWARE

UNIVESEIT TEXNOLOM MALAYSA

©
SURFACE INTEGRAL

Surface Integral of a scalar field o(X, vy, z)
with respect to surface area S, a part of o,
a surface in 3D over aregion R in the

XY -plane, and N is any outward unit
normal to o , is given by

II.P(x,y,2)dsS
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Evaluating Surface Integral with respect to surface
area S , _UG,O(X, Y, z)dS

is by evaluating the double integrals over the
region R where dS =|N|dA . If O isgiven by
z=f(x,y) ,substitute this into the scalar

field o, and the formula IN| = \/( f)2+(f,)2+1
then

[I. p(x, y,2)dS = [[_p(x. y, T (X, y))INCA

= [JpOay, T O yNY(R)* + ()" +1dA
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Class Activity: Write down the evaluation of
Surface Integral with respect to surface area S

when O isgiven by : (a) y=h(x,2) (b) x=g(y,2)

Class Activity: (a)Evaluate [[ x*ydS
where O s y? + x> =a’” in the first octant
between the planes x=0,x=9,z=yand z=2y.

(b) Evaluate f_fGWZdSwhere O is y*=x

in the first octant between the planes
z=0,z=9,z=yand y=2
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Application of Surface Integral: FLUX

is the measure of the flow of a vector field
F(X,y,2)=M(X,y,2)1+N(X,y,2)]+R(X,V,2)K

spreading onto a surface o inthe

direction of an outward unit normal N

to o; is denoted and given by

Flux F = [[ F.ndS
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How to Evaluate Surface Integral || F.ndS

where ds =|N|dA and =

the surface o :

N

solving a double integrals of the scalar field - N
over the region R inthe XY -plane defined by

N , is reduced to

|| F.nds = || _F. ‘N‘\N\dA ] F.NdA
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Class Activity: Find an outward normal vector N of
a surface o given by:

(@) z=4-y* - X’ (b) z=y*+Xx’
(c) y=4-1z2° (d) y =12+ X"
(e) x=4-y*-7° (f) x=z"+Yy°
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Class Activity: Evaluate J:fa F.ndS where
N is the outward unit normal, O is the portion
the surface given by:

() z+x+y=1 inthe first octant of the three
dimensional coordinate system, while

F(X,y,2) =(X+y)I+N(y+2)J+R(x+2)k

(b) z=1—x*—-y* thatlies above the -planein
the three dimensional coordinate system, while

F(X,y,2)=XxI+Yy]+zK .
7==5
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Class Activity: Evaluate J:L F.ndS where
O s a piecewise surface consisting of o, o, o,
joined together at some edges, then

J'LF.ndS :”a F.ndS +II62F.ndS z_"agF.ndS

Class Activity: Evaluate J‘J’ F.ndS Where O

is a piecewise surface consisting of the planes
X=3,X=0,2=0  gych that

O0<x<==30<y<20<z<]1

And F(X,y,2)=XI1+Yy]—zk L
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Class Activity: Evaluate J:L F.ndS where

O js a closed surface enclosing a region of space
or a solid G. Some example of a closed surface is
the sphere or a closed cuboid.

Class Activity: Evaluate J]' F.n dSwhere
is a closed cuboid such that

O0< Xx==30<y<20<z<1
and F(x,y,2)=xi+yj—zk
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Divergence Theorem or Gauss theorem

If o is a closed surface enclosing a solid G

|| Fnds = ||| v-Fdv

Where £(x y,2)=M(x,y,2)i+ N(x, Y, 2)j+R(x Y, 2)k

&M B8N SR
OX oy oz

and V-F

is the divergence of F.

[©lee]
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Class Activity: Use the divergence theorem to
evaluate HG F.ndS where &is a closed surface:

(a) or cuboid defined as 0<x<=30<y<20<z<1
and F(x,y,2)=xi+Yyj—zk.

(b) Is the closed circular cylinder x* + y? =9
between the planes z=2and z=0

and F(xVy,2)=x’i+y’j+z°k.

(c)Is the closed hemisphere \/9 —x*—y? and

z=0 and F(x,y,2)=x}i+Vy}j+2°k.

innovative e entrepreneurial ® global ocw.utm.my



UTM OPENCOURSEWARE

UNIVESEIN TEXNOLOM MALAYSA

©
Stoke’s Theorem

If o is an open surface whose boundary is a
closed curve C in the three dimensional
coordinate system, then

§CF.dr = _UG (V<F)-nNndS

Where the orientation of the normal vector N of
o and the direction of how F circulates around

the boundary C  whether clockwise or
otherwise, obeys the right-hand rule. 9
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Class Activity: following problems

(a) A hemisphere o isgivenby X° +y* +2z° =4
that lies above the XY -plane and I is its outward unit
normal vector with the vector field F(x,y,z) =x’i+ y’j+ 2°k.

Use Stokes theorem to evaluate .Ua (V=F).ndS

(b) Use Stoke’s theorem to evaluate ich'dr where

F(x,y,2) =x“i+4xy°j+y°xk and C is the rectangle on the
plane z=y whose vertices are
(0,—5,-5), (3—5,—5), (3,5,5), (0,5,5)

clock direction if viewed from above the X¥plane. ]
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