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Probability : Mean value – single element system 

Let  Ps : probability the system in state S

fs: function when the system in state S
≈mean value of fs

Definition:
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Example 1:
1 coin: 2 states; H: head; T: tail1 coin:   2 states;  H: head;  T: tail
PH: probability of landing heads is ½
PT: probability of landing tail is ½

Let say fS is the number of head showing.
Hence 

f 1 for H and f 0 for TfS = 1 for H and fS = 0 for T.
The mean value for f is

PHfH + PTfT = (1/2)(1) + (1/2)(0) = 1/2

- The average number of heads per coin showing is 1/2
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Example 2: DICEExample 2: DICE

=
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Example 3:  2 coins    C1  & C2 (2 identical systems)

C1 C2

p1 + p2 = 1    and     p2 + q2 = 1

F h l t th it i IS NOT ti fi d iFor each element, the criterion IS or NOT satisfied is

(p1 + p2)(p2 + q2) = 1 x 1 = 1
2 = 1

= p1p2 + p1q2 + q1p2 + q1q2 p1p2  p1q2  q1p2  q1q2

p1p2 – both elements satisfy the criterion
p1q2 – element 1 – satisfy the criterionp1q2 element 1  satisfy the criterion

element 2 – not satisfy the criterion
q1p2 – element 1 – not satisfy the criterion

element 2 – satisfy the criterion
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element 2  satisfy the criterion
q1q2 – both elements not satisfy the criterion



Example 4: BOX 1
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D1

D2

Example 5: 2 DICE

2

Criterion: one dot up for D and DCriterion: one dot up for D1 and D2

Probability for one dot up: p1 = p2 = 1/6
b b l f l d h d /Probability for NOT landing with one dot up: q1 = q2 = 5/6

(p1 + p2)(p2 + q2) = 1 x 1 = 1
2 = 1 = p1p2 + p1q2 + q1p2 + q1q2

‐one dot up for D1 & D2:              p1.p2 = 1/36
‐one dot up for D1 & not D2 :     p1.q2 = 5/36

d t f D & t D 5/36‐one dot up for D2 & not D1:      q1.p2 = 5/36
‐ not D1 & not D2:                         q1.q2 = 25/36
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Identical Elements: with the same Probabilityy

A: For 2 identical elements

B: 

( 3 3 2 3 2 3 )

For 3 identical elements (p1+p2)(p2+q2)(p3+q3)= (p + q)
3 = 1
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( p3 + 3p2 q  +  3q2 p  +  q3 )=



C: 

Binomial Expansion 

Binomial  Coefficient 
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Example 6: BOX 2 – Consider 5 molecules in a box
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V U  = VD
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Note: Binomial expansion – correct for any size

But for large N N! can be calculated using Stirling’s formulaBut for large N, N! can be calculated using Stirling s formula
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Probability Distribution of Discrete 
Random Variables

A probability distribution is listing of all the possible values 
that a random variable can take along with their probabilities.

Example: to find out the probability distribution for the number of 
heads on three tosses of a coin:

First toss ………..T T T T H H H H
Second toss …….T T H H T T H H 
Third toss T H T H T H T H

1 COIN; 
3 tosses Third toss ………. T H T H T H T H3 tosses
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NO OF  FIRST  SECOND  THIRD  MACRO 
HEADS THROW THROW THROW STATEHave a try 

first….. 

Fill i thFill in the 
following table 
and compare 
your answers y
with that on 
the next page:
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NO OF  FIRST  SECOND  THIRD  MACRO STATE
HEADS THROW THROW THROW

0 T T T 1= 1

1 T T H 2

T H T

H T T

= 3
H T T

2 H H T 3

H T H

T H H
= 3

3 H H H 4

{1+3+3+1} 4 MACROSTATES

= 1

TOTAL
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=   8 
MICROSTATES



Hence  the probability distribution is 
as follows:

No of Probability mean or Mean = E(X) = ∑X P(X)No. of 
heads
X

Probability
P(X)

mean or 
expected 
value
X.P(X)

Mean = E(X) = ∑X.P(X)
where E(X) = expected value,
X = an event,
P(X) b bilit f th t( )

0 1/8 0.000

/

P(X) = probability of the event

1 3/8 0.375

2 3/8 0.750

3 1/8 0.375
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{0.0+0.375+0.75+0.375 = 1.5}
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Binomial Equation : able to identify three things;

- the number of trials
- the probability of a success on any one trial
- the number of successes desired- the number of successes desired
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Example 8: Binomial Distribution

What is the probability of obtaining exactly 3 heads if a fair coin is flipped 
6 times?

Answer: N = 6 n = 3 p = q = 0 5Answer:  N = 6, n = 3, p = q = 0.5
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Example 9: system of 100 COINS
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x

- 1S- 2S- 3S 0

- x

2S1S 3S
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x- x

- 1- 2- 3- 4- 5 0 21 53 4
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AT AT 
LAST!! THE END….
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