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Elementary Complex Functions

In calculus, several derivative formulas have been established
for the elementary functions of real variables, such as the
exponential, trigonometric, logarithm, hyperbolic, and the
inverse functions. In this chapter we shall extend the definitions
of the elementary functions from real variables to complex
variables and obtain derivative formulas for them. We begin
with the construction of a suitable definition for the complex
exponential function, which forms a basis for defining other
elementary functions of complex variables.
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Complex exponential function

We wish to construct the complex exponential function e“ that
would retain as many properties as in the real case. Thus we
certainly want e to satisfy the following three notable

properties:
(a) €e*reducesto e whenImz =0.
(b) e*fe% =e"t"
(c) €7 is analytic.
(d) iez = €.

az




Definition of Complex Exponential Function
Definition
If z= x + iy, then the complex exponential function e“ is

defined by
e’ = e*(cosy +isiny).

e €7 has the polar form r(cos 6 + i sin ) representation.
Hence
|ef| = &, arge® =y + 2k,
with k integers.
e Since " > 0, the function e # 0 for all z.
e If in the definition of e, we set x = 0 and y = 6, we obtain

e = cosf +isinf.

Hence .
Z=x+iy=r(cosf+ising) = re”. 5




Properties of &

Theorem
Suppose z, w are complex numbers and n is a positive integer.
Then

1. e’e¥ = e#t"W

eW

3. (e*)"=¢e"

4. |&f| = & = eRe?

5. €7 is periodic with the imaginary period 2ri

6. If k is an integer, then

6.1 e =1 ifandonly if z = 2kmi.
6.2 e =e" ifandonly ifz=w + 2Kkni.

7. If g(z) is analytic, then ZLe9(?) = g9 g/(2).
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Complex Trigonometric Functions
From the Euler’s formula,

eX =cosx+isinx, e X =cosx—isinx,
where x is real. Adding and subtracting these two equations:
eX + e ¥ =2cosx, €*X—e ¥ =2isinx
which are equivalent to
eix + e—ix eix o e—ix

COSX=————  Sinx= s
2 ’ 2i

This suggests
Definition

If z= x + iy, then the complex cosinus and sinus functions of a
complex variable z are defined respectively by

cosz = “te® sinz = il
B 2 ’ B 2i
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Properties of Complex Sine and Cosine Functions

1.
2.
3.

sin(x + iy) = sinxcosh y + icos x sinh y

cos(x + iy) = cos xcosh y — isin xsinh y

The inequalities | sin x| < 1 and |cos x| < 1 are no longer
true for sin z and cos z.

. The equation sin z = 0 has solutions on the complex plane

onlyatz=nm,n=0,+1,+2 ...

The equation cos z = 0 has solutions on the complex
planeonlyatz=(2n+1)r/2,n=0,4+1,+2,....
sin(—z) = —sinz cos(—z) =cosz

sin?z +cos?z = 1

sin(z £ w) = sinzcos w + cos Zzsin w

cos(z+ w) =coszcosw Fsinzsinw

sin(2z) = 2sinzcosw, cos(2z) = cos? z —sin® z

. sin(z+ %) =cosz
. sin(Z) =sinz, cos(zZ) =cosz

d i _ d _ i
ESIHZ—COSZ, ECOSZ——SIHZ




[c

U . . . . .
"“Ilbr/'lre following other trigometric functions of a complex variable
are defined in the same way as in the real case:

sinz cosz 1 1 1
tanz=——,cotz= =
CcoSs z

- = ,C8CZ = ——,5ecz = .
sinz tanz sSinz cos z

Based on our calculus knowledge, we can immediately
conclude that

d
—tanz = sec? z,

dz

d 2
—cotz=—csc°z

dz ’

d
— CSCZ = —CSc zcot z,
dz

d
—secz =secztanz.
dz




Complex Hyperbolic Functions

The real hyperbolic functions are defined as

e —e ¥
sinh x = —
e +e ¥
coshx = —

This suggests that we define the complex hyperbolic functions
as

zZ_ g2

smhz:?, (1)

Z —Z
coshz = %. 2)
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Properties of Complex Sinh and Cosh Functions

1.

—_

— —
2NN

SO0 N A WD

The functions cosh z and sinh z are both entire functions.
sinhz = sinhxcos y + icosh xsiny

coshz = coshxcosy + isinhxsiny.

% coshz =sinh z, d% sinh z = cosh z.

sinh(iz) = isinz, cosh(iz) =cosz

cosh? z — sinh? z = 1

sinh(z + w) = sinh zcosh w + cosh zsinh w

cosh(z + w) = cosh zcosh w + sinh zsinh w

sinh(2z) = 2sinh zcosh w

cosh(2z) = cosh? z + sinh? z

The functions sinh z and cosh z are each periodic with
imaginary period 27/, a property not found in the real case.
The solutions of sinh z = 0 lie on the imaginary axis.

. All roots of cosh z = 0 also lie on the imaginary axis, i.e.,

2n +1

_ 4
‘ 2

i, n=01,2,....
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The other complex hyperbolic functions are defined in the same

manner as in the real case:

sinhz
tanhz = ,
cosh z
cschz = —
sinh z’

Thus it can be shown that

(tanh z)’

(coth z)’
cschz

(
(sech z

!/

)
)
y
)

cothz — coshz 1
- sinhz tanhZz’
1

~ coshz’

sech z

= sech 2z,
—cschzz,
—csch z coth z,
—sech ztanh z.




Complex Logarithmic Function
In calculus,
x=€¢ oy=Ihnx=ée"=x

This suggests we define the complex logarithm function In z
such that it satisfies

Definition
For z # 0, define
Inz=In|z|+iargz.

WHY?

e In|z| may be computed with the help of a calculator.
e Since arg z is multiple valued, then so is the function In z.
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e In calculus, In1 = 0. In complex variables, In1 has
infinitely many values.

e In calculus, In(—1) is undefined since In x is valid only for
x > 0. In complex variables, In(—1) is meaningful.

¢ In calculus, the formula
In(xy) =Inx+Iny

is valid with the restriction that x and y are positive reals. If
w and z are complex, can we still have

In(zw) =Inz + Inw?

If it is so, what are the restrictions on z and w?




The Laws of Complex Logarithm

The following relations hold for certain specified values of the
logarithms:

In(zw) =Inz+Inw
In(z/w)=Inz—Inw

n/mzﬁ

Inz Inz

Ine? =~z
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Principal Value Logarithm

e The function In z can be made single valued by suitably
restricting the range of values for arg z.

¢ Recall that the value of arg z can be made unique by
restricting it to the interval —m < 6 < 7. This unique value
is called the principal argument of z and is denoted by
Arg z.

e This suggests defining the principal value of In z, denoted
by Ln z, as the value of In z that employs the principal
argument of z, i.e.,

Lnz =In|z| + iArg z.

Threfore the function Ln z always has a unique value.
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Continuity of Lnz =In|z| + iArg z

e Lnz is a combination of two functions In |z| and Arg z.

e The function In|z| is continuous on the entire complex
plane except at the point z = 0.

e Argz satisfies —m < Arg z < 7. Arg z is not continuous at
z = 0 because it is undefined there. Arg z is also not
continuous along the negative Re z-axis. (WHY?)

e Conclusion, the function Ln z is continuous on a region R
consisting of the entire complex plane with the negative
Re z-axis removed. The line Re z < 0 is called the branch
cut for Ln z.

¢ In other words, the function Ln z fails to be continuous at
points z such that Rez < 0 and Imz = 0.

e In general, the function Ln (f(z)) fails to be continuous at
points z such that

Ref(z) <0 and Imf(z)=0.




| ©@UTM

Derivative of Lnz
In calculus, it is proven that

g Inx = 1
dx X
for x > 0. The following theorem shows that the derivative

formula also holds for Ln z.

Theorem

Let R denote the domain consisting of the complex plane with
the branch cut removed. Then Ln z is analytic on R, and

d 1
ELHZ = E

The domains of continuity and analyticity of Ln z are the same,
i.e., Ln z is not analytic at points z such that

Rez<0 and Imz=0.




